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Abstract
We systematically study the construction of mutually unbiased bases in C2
⊗
C
3,
such that all the bases are unextendible maximally entangled ones. Necessary conditions
of constructing a pair of mutually unbiased unextendible maximally entangled bases in
C
2
⊗
C
3 are derived. Explicit examples are presented.
Mutually unbiased bases (MUBs) play important roles in many quantum information
processing such as quantum state tomography [1, 2, 3], cryptographic protocols [4, 5], and
the mean kings problem [6]. They are also useful in the construction of generalized Bell
states. Let B1 = {|φi〉} and B2 = {|ψi〉}, i = 1, 2, · · · , d, be two orthonormal bases of a
d-dimensional complex vector space Cd, 〈φj |φi〉 = δij , 〈ψj |ψi〉 = δij . B1 and B2 are said
to be mutually unbiased if and only if
|〈φi|ψj〉| = 1√
d
∀ i, j = 1, 2, · · · , d. (1)
Physically if a system is prepared in an eigenstate of basis B1 and is measured in basis B2,
then all the measurement outcomes have the same probability.
A set of orthonormal bases {B1,B2, ...,Bm} in Cd is called a set of MUBs if every pair
of bases in the set is mutually unbiased. For given dimensional d, the maximum number
of MUBs is no more than d+ 1. It has been shown that there are d+ 1 MUBs when d is
a prime power [1, 7, 8]. However, for general d, e.g. d = 6, it is a formidable problem to
determine the maximal numbers of MUBs [9, 10, 11, 12, 13, 14, 15, 16, 17].
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When the vector space is a bipartite system Cd
⊗
C
d′ of composite dimension dd′,
there are different kinds of bases in Cd
⊗
C
d′ according to the entanglement of the basis
vectors. The unextendible product basis (UPB) is a set of incomplete orthonormal product
basis whose complementary space has no product states [18]. It is shown that the mixed
state on the subspace complementary to a UPB is a bound entangled state. Moreover,
the states comprising a UPB are not distinguishable by local measurements and classical
communication.
The unextendible maximally entangled basis (UMEB) is a set of orthonormal maxi-
mally entangled states in Cd
⊗
C
d consisting of less than d2 vectors which have no addi-
tional maximally entangled vectors that are orthogonal to all of them [19]. Recently, the
UMEB in arbitrary bipartite spaces Cd
⊗
C
d′ has be investigated in [20]. A systematic
way in constructing d2-member UMEBs in Cd
⊗
C
d′ (d
′
2 < d < d
′) is presented. It is
shown that the subspace complementary to the d2-member UMEB contains no states of
Schmidt rank higher than d− 1. From the approach of constructing UMEBs in Cd⊗Cd′ ,
two mutually unbiased UMEBs in C2
⊗
C
3 are constructed in [20].
In this note, we systematically study the UMEBs in C2
⊗
C3 and present a generic
way in constructing a pair of UMEBs in C2
⊗
C
3 such that they are mutually unbiased.
The special example given in [20] can be easily obtained from our approach.
A set of states {|φi〉} in Cd
⊗
C
d′ , i = 1, 2, · · · n, n < dd′, is called an n-member UMEB
if and only if
(i) all the states |φi〉 are maximally entangled;
(ii) 〈φi|φj〉 = δi,j ;
(iii) if 〈φi|ψ〉 = 0, ∀ i = 1, 2, · · · , n, then |ψ〉 cannot be maximally entangled.
Here a state |ψ〉 is said to be a Cd⊗Cd′ maximally entangled state if and only if
for an arbitrary given orthonormal complete basis {|iA〉} of the subsystem A, there exist
an orthonormal basis {|iB〉} of the subsystem B such that |ψ〉 can be written as |ψ〉 =
1√
d
Σd−1i=0 |iA〉 ⊗ |iB〉 [21].
Let {|0〉, |1〉} and {|0′〉, |1′〉 |2′〉} be the computational bases in C2 and C3 respectively.
To construct a pair of MUBs which are both UMEBs in C2
⊗
C
3, we start with the first
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UMEB in C2
⊗
C
3 given by
|φi〉 = 1√
2
(σi ⊗ I3)(|00′〉+ |11′〉),
|φ4〉 = |0〉 ⊗ |2′〉,
|φ5〉 = |1〉 ⊗ |2′〉, (2)
where σ0 denotes the 2×2 identity matrix, σi, i = 1, 2, 3, are the Pauli matrices, I3 stands
for the 3× 3 identity matrix, |αβ〉 ≡ |α〉 ⊗ |β〉.
If we choose {|a〉, |b〉} and {|x′〉, |y′〉, |z′〉} to be another two bases of C2 and C3 respec-
tively, then we have the second UMEB in C2
⊗
C
3,
|ψi〉 = 1√
2
(σi ⊗ I3)(|0x′〉+ |1y′〉),
|ψ4〉 = |a〉 ⊗ |z′〉,
|ψ5〉 = |b〉 ⊗ |z′〉. (3)
The bases {|φi〉} and {|ψi〉} are mutually unbiased if and only if they satisfy the
relations (1),
|〈φi|ψj〉| = 1√
6
, ∀ i, j = 0, 1, · · · , 5. (4)
Let S andW be the unitary matrixes that transforms the bases {|0〉, |1〉} and {|0′〉, |1′〉 |2′〉}
to {|a〉, |b〉} and {|x′〉, |y′〉, |z′〉} respectively,
S(|0〉, |1〉) = (|a〉, |b〉),
W (|0′〉, |1′〉, |2′〉) = (|x′〉, |y′〉, |z′〉). (5)
Correspondingly we have the relations between |φi〉 and |ψj〉,
|ψj〉 = (I2 ⊗W )|φj〉, ∀ j = 0, 1, 2, 3,
|ψj〉 = (S ⊗W )|φj〉, ∀ j = 4, 5. (6)
From (4) one gets,
|〈φi|I2 ⊗W |φj〉| = 1√6 , ∀ i = 0, 1, ..., 5, j = 0, 1, 2, 3,
|〈φi|S ⊗W |φj〉| = 1√6 , ∀ i = 0, 1, ..., 5, j = 4, 5.
(7)
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As {|φi〉} forms a base in C2
⊗
C
3, the relations in (7) imply that the absolute values
of the entries of the matrices I ⊗W and S ⊗W under the base {|φi〉} have the following
forms: 

1√
6
1√
6
1√
6
1√
6
X X
1√
6
1√
6
1√
6
1√
6
X X
1√
6
1√
6
1√
6
1√
6
X X
1√
6
1√
6
1√
6
1√
6
X X
1√
6
1√
6
1√
6
1√
6
X X
1√
6
1√
6
1√
6
1√
6
X X


, (8)


X X X X 1√
6
1√
6
X X X X 1√
6
1√
6
X X X X 1√
6
1√
6
X X X X 1√
6
1√
6
X X X X 1√
6
1√
6
X X X X 1√
6
1√
6


, (9)
where X denotes any numbers.
Let
S =

 s11 s12
s21 s22

 , W =


w11 w12 w13
w21 w22 w23
w31 w32 w33

 (10)
be the matrices of S andW in the computational product basis {|0〉, |1〉}⊗{|0′〉, |1′〉, |2′〉}.
Let F be the unitary matrix that transforms the computational product basis to the basis
{|φi〉}, i.e.,F (|00′〉, |01′〉, |02′〉, |10′〉, |11′〉, |12′〉) = (|φ0〉, ..., |φ5〉). Form (2), one can easily
get
F =


1√
2
0 0 1√
2
0 0
0 1√
2
− 1√
2
0 0 0
0 0 0 0 1 0
0 1√
2
1√
2
0 0 0
1√
2
0 0 − 1√
2
0 0
0 0 0 0 0 1


. (11)
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Therefore the matrices of I2 ⊗W and S ⊗W under the basis {|φi〉} are given by
F †(I2 ⊗W )F, (12)
and
F †(S ⊗W )F, (13)
respectively.
Comparing (12) and (13) with (8) and (9), by straightforward calculations, we have
(i) The absolute values of the entries of w are 1/
√
3. Moreover, in the complex plane,
w11 ⊥ w22 and w21 ⊥ w12.
(ii) The absolute values of the entries of S is 1/
√
2. In the complex plane, w13s11 ⊥
w23s21, w23s11 ⊥ w13s21, w13s12 ⊥ w23s22 and w23s12 ⊥ w13s22.
From the condition (i), for simplification, we can set
W = 1/
√
3


eiθ1 ei(θ2+
pi
2
) eiθ4
eiθ2 ei(θ1+
pi
2
) eiθ5
eiθ3 ei(θ3−
pi
2
) eiθ6

 , (14)
where, due the properties of unitary matrix, θi satisfy the following conditions,
|θ1 − θ2| = pi3 , |θ4 − θ5| = pi,
ei(θ1−θ4)e−ipi/3 + ei(θ3−θ6) = 0.
(15)
From equation (14), (15) and condition (ii), we find s11 and s21 are orthogonal, s12
and s22 are orthogonal. Then we can simply set
S =
1√
2

 e
iθ′
1 eiθ
′
2
±ei(θ′1+pi2 ) ∓ei(θ′2+pi2 )

 . (16)
where θ′1, θ
′
2 can be any real numbers.
Therefore, for any θis and θ
′
is satisfying (15) and (16) respectively, one has a W and a
S. Then from (6) one gets the UMEB {|ψi〉} that is mutually unbiased with the UMEB
{|φi〉}.
We next give some concrete examples of mutually unbiased UMEBs in C2
⊗
C
3.
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The UMEB {|φi〉} presented in [20] is of the form,
|φ0〉 = 1√
2
(|00′〉+ |11′〉),
|φi〉 = 1√
2
(σi ⊗ I3)(|00′〉+ |11′〉), i = 1, 2, 3,
|φ4〉 = |c〉 ⊗ |2′〉,
|φ5〉 = |d〉 ⊗ |2′〉, (17)
where |c〉 = 12 |0〉 +
√
3
2 |1〉, |d〉 =
√
3
2 |0〉 − 12 |1〉. This example corresponds to a different
transformation matrix F ,
F =


1√
2
0 0 1√
2
0 0
0 1√
2
− 1√
2
0 0 0
0 0 0 0 12
√
3
2
0 1√
2
1√
2
0 0 0
1√
2
0 0 − 1√
2
0 0
0 0 0 0
√
3
2 −12


.
From our approach, w31 ⊥ w32 should be added to the condition (i). With respect to
the condition (ii), the orthogonal relation becomes (s11 +
√
3s12) ⊥ (s21 +
√
3s22) and
(
√
3s11− s12) ⊥ (
√
3s21− s22). However, since we have already set w31 ⊥ w32 in (14), (15)
can be also used for this example.
We choose {θi} to be
{θ1 = 0, θ2 = pi
3
, θ3 = 0, θ4 = pi, θ5 = 0, θ6 =
pi
3
}, (18)
which satisfy the condition (15). From (14) we have
W = 1/
√
3


1 −
√
3+i
2 −1
1+
√
3i
2 i 1
1 −i 1+
√
3i
2

 . (19)
The unitary matrix W transforms the basis {|0′〉, |1′〉 |2′〉} to basis {|x′〉, |y′〉, |z′〉}.
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From (5) we have
|x′〉 = 1√
3
(|0′〉+ 1 +
√
3i
2
|1′〉+ |2′〉),
|y′〉 = 1√
3
(
−√3 + i
2
|0′〉+ i|1′〉 − i|2′〉),
|z′〉 = 1√
3
(−|0′〉+ |1′〉+ 1 +
√
3i
2
|2′〉). (20)
We have the unitary operator S,
S =
1√
2

 1 i√
3+i
2
1−√3 i
2

 . (21)
The corresponding operator S, S(|c〉, |d〉) = (|a〉, |b〉), give rise to
|a〉 = 1√
2
(
1 +
√
3i
2
|0〉+
√
3− i
2
|1〉),
|b〉 = 1√
2
(
√
3− i
2
|0〉+ 1 +
√
3i
2
|1〉). (22)
Therefore, the second UMEB that is mutually unbiased to (17) is given by
|ψj〉 = 1√
2
(σi ⊗ I3)(|0x′〉+ |1y′〉), j = 1, 2, 3,
|ψ4〉 = 1√
2
(
1 +
√
3i
2
|0〉+
√
3− i
2
|1〉) ⊗ |z′〉,
|ψ5〉 = 1√
2
(
√
3− i
2
|0〉+ 1 +
√
3i
2
|1〉) ⊗ |z′〉. (23)
(17) and (23) are exactly the ones presented in [20].
Now we give a new example by choosing other values of {θi} and {θ′i}. Let the first
UMEB in C2
⊗
C
3 be the one given in (2). Taking into the condition (15), we set
θ1 = pi, θ2 =
2pi
3
, θ3 = θ4 = 0, θ5 = pi, θ6 =
pi
3
. (24)
From (14), we get
W = 1/
√
3


−1 −
√
3−i
2 1
−1+√3i
2 −i −1
1 −i 1+
√
3i
2

 , (25)
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and
|x′〉 = 1√
3
(−|0′〉+ −1 +
√
3i
2
|1′〉+ |2′〉),
|y′〉 = 1√
3
(
−√3− i
2
|0′〉 − i|1′〉 − i|2′〉),
|z′〉 = 1√
3
(|0′〉 − |1′〉+ 1 +
√
3i
2
|2′〉). (26)
Taking θ′1 = 0 and θ
′
2 =
pi
2 , we have
S =
1√
2

1 i
i 1

 , (27)
and
|a〉 = 1√
2
(|0〉+ i|1〉), |b〉 = 1√
2
(i|0〉 + |1〉). (28)
From (3) we obtain the second UMEB that is mutually unbiased to the UMEB given
by Eq. (2),
|ψj〉 = 1√
2
(σi ⊗ I3)(|0x′〉+ |1y′〉), j = 1, 2, 3,
|ψ4〉 = 1√
2
(|0〉+ i|1〉) ⊗ |z′〉,
|ψ5〉 = 1√
2
(i|0〉 + |1〉)⊗ |z′〉. (29)
It can be directly verified that the two UMEBs (17) and (29) satisfy the condition (4).
As another example we choose
θ1 =
4pi
3
, θ2 = pi, θ3 = 0, θ4 = pi, θ5 = 0, θ6 = pi,
θ′1 =
pi
3
, θ′2 =
pi
6
. (30)
The corresponding unitary matrix W and S are of the form,
W = 1/
√
3


−1−√3i
2 −i −1
−1
√
3−i
2 1
1 −i −1

 , (31)
S =
1√
2


1+
√
3i
2
√
3+i
2
−√3+i
2
1−√3i
2

 . (32)
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The basis {|a〉, |b〉} in C2 and the basis {|x′〉, |y′〉, |z′〉} in C3 are given by
|x′〉 = 1√
3
(
−1−√3i
2
|0′〉 − |1′〉+ |2′〉),
|y′〉 = 1√
3
(−i|0′〉+
√
3− i
2
|1′〉 − i|2′〉),
|z′〉 = 1√
3
(−|0′〉+ |1′〉 − |2′〉),
and
|a〉 = 1√
2
(
1 +
√
3i
2
|0〉+ −
√
3 + i
2
|1〉),
|b〉 = 1√
2
(
√
3 + i
2
|0〉 + 1−
√
3i
2
|1〉). (33)
Therefore, another UMEB that is mutually unbiased to the UMEB given by (2) is of the
form,
|ψj〉 = 1√
2
(σi ⊗ I3)(|0x′〉+ |1y′〉), j = 1, 2, 3,
|ψ4〉 = 1√
2
(
1 +
√
3i
2
|0〉+ −
√
3 + i
2
|1〉)⊗ |z′〉,
|ψ5〉 = 1√
2
(
√
3 + i
2
|0〉+ 1−
√
3i
2
|1〉) ⊗ |z′〉. (34)
We have presented a general way in constructing UMEBs in C2
⊗
C
3 such that they
are mutually unbiased. Explicit examples are given for constructing a pair of mutually un-
biased unextendible maximally entangled bases, including the one in [20] as a special case.
Our approach may shed light in constructing more UMEBs that are pairwise mutually
unbiased in C2
⊗
C
3 or higher dimensional bipartite systems.
References
[1] W. K. Wootters and B. D. Fields, Ann. Phys. (N.Y.) 191, 363 (1989).
[2] R. B. A. Adamson and A. M. Steinberg, Phys. Rev. Lett. 105, 030406 (2010).
[3] A. Ferna´ndez-Pe´rez, A. B. Klimov, and C. Saavedra, Phys. Rev. A 83, 052332
(2011).
9
[4] N. J. Cerf, M. Bourennane, A. Karlsson, and N. Gisin, Phys. Rev. Lett. 88, 127902
(2002).
[5] I.-C. Yu, F.-L. Lin, and C.-Y. Huang, Phys. Rev. A 78, 012344 (2008).
[6] B.-G. Englert and Y. Aharonov, Phys. Lett. A 284, 1 (2001).
[7] I. D. Ivanovic´, J. Phys. A14, 3241 (1981)
[8] T. Durt,B-G. Englert, I. Bengtsson and K. Zyczkowski,Int. J. Quant. Inf.8, 535
(2010).
[9] S. Brierley and S. Weigert, Phys. Rev. A 78, 042312 (2008).
[10] S. Brierley and S. Weigert, Phys. Rev. A 79, 052316 (2009).
[11] P. Raynal, X. Lu¨, and B.-G. Englert, Phys. Rev. A 83, 062303 (2011).
[12] D. McNulty and S. Weigert, J. Phys. A: Math. Theor. 45, 102001 (2012).
[13] P. Butterley and W. Hall, Phys. Lett. A 369, 5 (2007).
[14] S. Brierley and S. Weigert, J. Phys.: Conf. Ser.254,012008 (2010).
[15] P. Jaming, M. Matolcsi, P. Mo´ra, F. Szo¨ll, J. Phys.: Conf. Ser.42, 245305 (2009).
[16] T. Paterek, B. Dakic, and Cˇ . Brukner, Phys. Rev. A79, 012109 (2009).
[17] I. Bengtsson, W. Bruzda, A˚ . Ericsson, J.-A˚ . Larsson, W. Tadej, and K. Z˙yczkowskir,
J. Math. Phys.48,052106 (2007).
[18] C. H. Bennett, D. P. Divincenzo, T. Mor, P. W. Shor, J. A. Smolin and B. M. Terhal,
Phys. Rev. Lett. 82, 5385 (1999).
[19] S. Bravyi, and J. A. Smolin, Phys. Rev. A 84, 042306 (2011).
[20] Bin Chen and Shao-Ming Fei, Phys. Rev. A88, 034301 (2013).
[21] Z.-G. Li, M.-J. Zhao, Sh.-M. Fei, H. Fan, and W. M. Liu, Quantum Inf. Comput.12,
63 (2012).
10
